In this paper we study theory combinations over non-disjoint signatures in which hierarchical and modular reasoning is possible. We use a notion of locality of a theory extension parameterized by a closure operator on ground terms. We give criteria for recognizing these types of theory extensions. We then show that combinations of extensions of theories which are local in this extended sense also have a locality property and hence allow modular and hierarchical reasoning. We thus obtain parameterized decidability and complexity results for many (combinations of) theories important in verification.
Introduction
Many problems in mathematics and computer science can be reduced to proving the satisfiability of conjunctions of literals in a background theory (which can be the extension of a base theory with additional functions -e.g., free, monotone, or recursively defined -or a combination of theories). Considerable work has been dedicated to the task of identifying situations where reasoning in extensions and combinations of theories can be done efficiently and accurately. The most important issues which need to be addressed in this context are: (i) finding possibilities of reducing the search space without losing completeness, and (ii) making modular or hierarchical reasoning possible.
In [10, 17] Givan and McAllester introduced the so-called "local inference systems" (for which validity of ground Horn clauses can be checked in polynomial time). A link between this proof theoretic notion of locality and algebraic arguments used for identifying classes of algebras with a word problem decidable in PTIME [4] was established in [7] . In [8, 21] these results were further extended to so-called local extensions of theories. Locality phenomena were also studied in the verification literature, mainly motivated by the necessity of devising methods for efficient reasoning in theories of pointer structures [18] and arrays [3] . In [14] we showed that these results are instances of a general concept of locality of a theory extension -parameterized by a closure operator on ground terms.
Efficient reasoning in combinations of theories is also very important. Methods for checking satisfiability of conjunctions of ground literals in combinations of theories which have disjoint signatures, or only share constants, are well studied. The Nelson/Oppen combination procedure [19] can be applied for combining decision procedures of stably infinite theories over disjoint signatures; various extensions have been established either by relaxing the requirement that the theories to be combined are stably-infinite [26] ; or by relaxing the requirement that the theories to be combined have disjoint signatures [1, 25, 9] . These extensions require additional conditions, e.g. generalizations of stable infinity on the component theories, noetherianity of the shared theory. Since the notion of local extensions we studied [21] imposes no major restrictions on the base theory, it offers interesting, orthogonal criteria for the transfer of decidability in combinations of theories. In this paper we show that efficient reasoning techniques can be provided for combinations of local theory extensions as well. To this end, we present new results on preservation of locality and Ψ -locality of theory extensions under theory combinations, extending earlier results in [23] (cf. also [22] ).
The main results of this paper can be summarized as follows:
-We present semantic characterizations for various notions of locality (possibly parameterized by a closure operator on ground terms). -We present various results on transfer of locality (and hence also of decidability), some with a model theoretical flavor. -We identify increasingly complex conditions under which locality is preserved under taking unions of theories. We strengthen some results in [23, 22] by considering the embeddability conditions (EEmb w ) instead of (Comp w ) and by considering combinations of Ψ i -local extensions of a theory. We briefly discuss the way these ideas are implemented in H-PILoT.
The paper is structured as follows. Section 2 contains generalities on local theory extensions, partial algebras, weak validity and embeddability. In Sect. 3 we present ways of recognizing locality. In Sect. 4 we give semantical characterizations of locality; these are used in Sect. 5 to transfer locality results. Section 6 presents our results on combinations of local theory extensions, and a description of the way we implemented hierarchical reasoning in such combinations.
Preliminaries
We assume standard definitions from first-order logic. In this paper, (logical) theories are simply sets of sentences.
Extensions of theories.
Let Π 0 =(Σ 0 , Pred) be a signature, and T 0 be a "base" theory with signature Π 0 . We consider the following types of extensions of T 0 :
-Extensions with sets of clauses are extensions T := T 0 ∪ K of T 0 with new function symbols Σ (called extension functions) whose properties are axiomatized using a set K of (universally closed) clauses in the extended signature Π = (Σ 0 ∪ Σ, Pred), which contain function symbols in Σ. -Extensions with augmented clauses are extensions T := T 0 ∪ K with new function symbols Σ whose properties are axiomatized using a set K of formulas of the form ∀x (Φ(x)∨D(x)) where Φ(x) is an arbitrary formula in the base signature Π 0 and D(x) is a clause in the extended signature Π, which contains at least one function symbol of Σ.
